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ABSTRACT 
Quantifying the core mechanics of putting is imperative to developing a reliable model that 
predicts post-collision ball behavior. A preliminary model for the stroking motion of putting and 
putter-ball collision is developed alongside experiments, establishing an empirical model that 
supports the theory. The goal of the present study is to develop a correlation between the 
backstroke of a putt, or the pre-impact translation of the putter, and the post-impact displacement 
of the golf ball. This correlation is subsequently utilized to generate an algorithm that predicts the 
two-dimensional ball trajectory based on putt displacement and putting surface texture by means 
of finite element analysis. In generating a model that accurately describes the putting behavior, the 
principles of classical mechanics were utilized. As a result, the putt displacement was completely 
described as a function of backstroke and some environmental parameters, such as: friction, slope 
of the green, and the elasticity of the putter-ball collision. In support of the preliminary model, 
experimental data were gathered from golfers of all levels. The collected data demonstrated a linear 
correlation between backstroke and putt distance, with the environmental parameters factoring in 
as a constant value; moreover, the data showed that experienced golfers tend to have a constant 
acceleration through ball impact. Combining the empirical results with the trajectory prediction 
algorithm will deliver an accurate predictor of ball behavior that can be easily implemented by 
golfers under most practical applications. Putt distance to backstroke ratios were developed under 
a variety of conditions 
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NOMENCLATURE 
𝐷𝐷𝐵𝐵 ≝ Backswing Distance 
𝐷𝐷𝑃𝑃 ≝ Desired Putt Distance 
𝑉𝑉0 ≝  Launch Velocity 
𝑚𝑚𝑝𝑝 ≝ Mass of Ball 
𝑎𝑎𝑝𝑝 ≝ Putter Acceleration 
𝐹𝐹𝑝𝑝 ≝ Putter Force 
𝐿𝐿𝑔𝑔 ≝ Stimpmeter Length 
𝐷𝐷𝑔𝑔 ≝ Green Speed 
𝐶𝐶𝑔𝑔 ≝ Stimpmeter Constant 
𝑉𝑉𝑔𝑔 ≝ Stimpmeter Launch Velocity 
𝜃𝜃𝑔𝑔 ≝ Stimpmeter Angle 
𝜇𝜇 ≝ Friction Coefficient 
𝜙𝜙 ≝ Incline of Green 
𝑚𝑚 ≝ Slope of Green 
𝑒𝑒 ≝ Coefficient of Restitution 
𝐶𝐶𝑐𝑐 ≝ Impact Correction Factor 
𝐶𝐶𝑒𝑒 ≝ Collision Constant 
𝑚𝑚𝑝𝑝 ≝ Mass of Putter 
𝑚𝑚𝑏𝑏 ≝Mass of Ball 
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CHAPTER 1: INTRODUCTION 
Currently, golf instruction is primarily conveyed by kinesthetic instruction rather than via 
concepts of energy, momentum, and kinematics. Current approaches to golf instruction rely 
heavily on emulating more experienced golfers, and are founded on the idealization of certain 
styles based on previous performance.  Scientific approaches to coaching are generally not utilized 
because they lack the ease of use that current methods achieve. In light of this observation, there 
is a need for golf instruction that employs metrics to develop the skill of any player with a 
consistency inherent to the scientific principles that back them up. It would be greatly 
advantageous to coaches and players of the sport to have access to such metrics, which would 
establish a universal foundation for skill development. Additionally, these metrics will provide a 
new perspective on the sport, allowing for novel approach, building on and improving the current 
methods of golf instruction. 
There have been endeavors to describe the behavior of putting [1, 2], but their aim generally 
gears towards establishing an empirical correlation between putting parameters like swing speed, 
backstroke, and putter dimensions. The focus on these undertakings utilizes a number of key 
assumptions that make the final overall putt distance method simplified; there is no intention of 
implementing the findings in any real world scenario. The present study aims to utilize these 
findings to establish a model for a putt and its post-impact ball displacement by identifying the 
human and environmental parameters that primarily affect it. The relationship between these 
parameters is founded on scientific derivations, and is developed in a manner that is easily 
understandable and employable by golfers of all skill levels under most gameplay scenarios, and 
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with an acceptable degree of consistency. The constraints imparted by these goals progress the 
generated model from a deterministic model to a more universal, probabilistic model. 
The model will be developed by merging three different approaches. First, an analytical 
model will be developed, which will describe the behavior of putting and develop a relationship 
between the parameters inherent to it, such as backstroke (𝐷𝐷𝐵𝐵), downswing distance or follow 
through (𝐷𝐷𝑑𝑑𝑑𝑑), ball launch velocity (𝑉𝑉𝑔𝑔), surface texture (𝜇𝜇,𝜙𝜙), and post-impact ball displacement 
(𝐷𝐷𝑃𝑃). Second, experiments will be performed to corroborate the model and examine the behavior 
of each parameter in relation to putting and putt distance. Finally, the corroborated model will 
establish a baseline from which a numerical analysis algorithm will perform prediction on post 
impact ball displacement. 
The following chapters are structured to follow the order in which the putt distance model 
was developed. Chapter 2 displays the current research in golf and putting that is pertinent to 
developing a prediction model for putt distance, and accurately describing the importance of each 
parameter in the putting stroke. Following the background research on putting, Chapter 3 describes 
the procedure in developing the theoretical model that describes the putting motion and relates the 
effect of each parameter to post-impact putt displacement. Chapter 4 contains the experimental 
methods that were pursued in order to corroborate the theoretical model and establish an empirical 
relationship for the variables inherent to putting. Chapter 5 details the development of the 
numerical methods that were pursued in order to develop a putt distance prediction model in 
MATLAB, while Chapter 6 details all of the testing that took place to validate the model, and the 
results obtained from the testing. Finally, Chapter 7 goes over the developed model and its 
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findings, while explaining how the model can be applied to the sport of golf and its instruction. 
Chapter 7 also develops a direction in which the model can be taken, offering improvements to, 
and further applications of the putting model.  
 
3 
CHAPTER 2: BACKGROUND 
 In general, a solid scientific analysis in sports is a difficult goal to achieve, and the sport of 
golf does not deviate from the norm. The mathematics behind the sport are so complex and 
inclusive of so many variables that an exact prediction model remains inaccessible. With the 
continuing advances in technology, a higher number of tools have been able to be employed in the 
analysis of golf and have brought researchers closer to an ideal model that explains the exact 
behavior of the ball. With improvements in the available technology and software, scientists are 
able to design tests and gather more data with increasing accuracy, allowing the development of 
some groundbreaking empirical models and paving the way to discoveries in the behavior of golf, 
and more particularly, putting [3].  
 Many researchers endeavor to identify the key differences in the putting motion between 
novice and expert golfers [1, 2, 4]. The idea is that with analysis of a broad range of variables, 
some patterns may arise in the data collected that points in the direction of a more consistent, and 
thusly, predictable behavior in putting. If a well-defined pattern can be established for the putting 
behavior of the more elite golfers, a reliable empirical model can be created for implementation in 
the sport.  
 A common question posed by many researchers in the study of putting, like Sim [2] and 
Choi [4] is whether there exists a difference in behavior between putters with experience and 
novices. This was the question driving the research of Sim and Kim [2], who performed an 
investigation on the kinematics and accuracy of expert and novice golfers. The experiment 
consisted of the two groups of golfers putting over various distances (1.7m, 3.25m, and 6m) and 
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with different putter weights (500g and 750g). Experienced golfers were teaching professionals 
with single-digit handicaps, while novices had no prior golf-putting experience. The kinematics 
were analyzed by video recording of the putting motion, while the accuracy of the putts was 
measured by calculating the distance from the target with the distance formula: 
𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 = �(𝑦𝑦′ − 𝑦𝑦)2 + (𝑥𝑥′ − 𝑥𝑥)2    (2.1) 
where the point (𝑥𝑥,𝑦𝑦) denotes the position of the golf ball and  (𝑥𝑥′,𝑦𝑦′) denotes the position of the 
target on the putting surface. This, along with stroke duration, stroke amplitude, and stroke 
velocity, which characterize the kinematics of each putt, enable a deeper understanding of the 
putting behavior, and aid in establishing the possible fundamental divergence between the putting 
of golfers of differing skill levels.  
 Among the main differences between putter groups was the accuracy. The accuracy is 
shown to be higher for the experienced group, as expected [2]; furthermore, and more interestingly, 
the data showed that the backstroke length and stroke velocity were both around 30% and 23% 
smaller, respectively, for the experienced golfers. In addition, the geometry of the stroke was 
distinct for the two groups, as evidenced by Figure 2.1. In modeling the putter as a pendulum, the 
stroke of the novices demonstrates greater symmetry between backstroke and follow through, 
whereas the experts impact the ball (located at the coordinate of y=0) sooner in the stroking motion, 
at about one third of the total length of the putt. When considering the distance of a putt, Sim and 
Kim [2] found that the variables with the most correlation to putt distance (𝐷𝐷𝑃𝑃) were the backstroke 
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(𝐷𝐷𝐵𝐵) and velocity of the putt (𝑉𝑉𝑃𝑃). Despite the weight of the putt and the experience level of the 
putters, there was always an increase in 𝐷𝐷𝐵𝐵 and 𝑉𝑉𝑃𝑃 as 𝐷𝐷𝑃𝑃 increased. 
 
Figure 2.1 - Putting Geometry for Experts (A) and Novices (B) [2] 
 Similar experiments were performed by Delay et al [1], although the discoveries provided 
more insight into the putting behavior itself rather than the discrepancies between golfers of 
differing skill levels. Two groups of golfers were asked to putt to a target located over four 
distances, 1, 2, 3, and 4 m, respectively. Data were recorded to analyze the behavior of the putt, in 
a similar manner to the studies performed by Sim and Kim [2]. In accordance with the 
aforementioned results, the key influential factors with respect to 𝐷𝐷𝑃𝑃 are 𝐷𝐷𝐵𝐵 and 𝑉𝑉𝑃𝑃. 
 In contrast to the studies performed by Sim [2], Delay et al [1] places much more emphasis 
on the individual factors in the putt. One of the variables that he investigates in his studies is what 
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he calls the downswing, or follow through (𝐷𝐷𝑑𝑑𝑑𝑑). In their studies, Delay et al [1] compare 𝐷𝐷𝑑𝑑𝑑𝑑 as a 
function of 𝐷𝐷𝑃𝑃, and demonstrated a strong correlation between the two. Similar to the 
backstroke (𝐷𝐷𝐵𝐵) of the putt, 𝐷𝐷𝑑𝑑𝑑𝑑 increases with increasing putt distance; furthermore, the 𝐷𝐷𝑑𝑑𝑑𝑑 
amplitude is generally around three times as much as that of 𝐷𝐷𝐵𝐵 for the more experienced golfers. 
These results support the data published by Sim and Kim [2], which discusses how the expert 
golfers impact the ball around a third of the way through the stroke. This allows the golfers to 
impact the ball with a lower velocity, and follow along with the ball for a slight amount of time, 
which reduces ball rotation and skipping, thus decreasing the uncertainty of each putt. 
 Another important result from Delay and co-authors [1] involves the timing of the putts. 
Data showed that the time to impact for each putt is essentially invariant over every target distance 
and for all skill levels. Even though the more experienced golfers demonstrate a higher degree of 
isochrony, described as the consistency in the timing of the putts, and estimated by the equation 
𝑉𝑉 = 𝐾𝐾 + 𝑏𝑏 log𝑝𝑝, where V represents the mean movement velocity, p is the movement amplitude, 
and K is a constant [1]. Experts demonstrated a mean isochrony value of 0.9, while novices had a 
value closer to 0.8. There is little variance in this parameter, demonstrating that golfers of all skill 
levels adjust their acceleration in accordance with 𝐷𝐷𝐵𝐵 for different 𝐷𝐷𝑃𝑃, resulting in the same time 
to impact over all putts. 
 In the quest for greater insight into the sport, Choi and colleagues [4] decided to give a 
fresh perspective on putting with their research. Instead of focusing on the previously covered 
variables of backstroke, follow through, time to impact and putter acceleration, Choi et al [4] set 
their sights on the actual kinematics of the golfer. With the goal of modeling the motion of the 
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putter as it swings during a putt, Choi et al [4] observed novice and experienced golfers putt to a 
target placed at distances of 1, 3, and 5 m. In order to compare the performance of each golfer in 
terms of human factors, they investigated the smoothness of the putter head motion during a putt 
for each player. The smoothness of the putting motion can be readily quantified by analyzing the 
jerk of the putt, through the function: 
𝐽𝐽𝐶𝐶(𝑒𝑒(𝑡𝑡)) = ∫ �𝑑𝑑3𝑟𝑟
𝑑𝑑𝑡𝑡3
�
2
𝑑𝑑𝑡𝑡
𝑇𝑇
0
     (2.2) 
This function, called the jerk cost function [5] is dependent on the position function, 𝑒𝑒(𝑡𝑡) which is 
the function that will be captured for the golfers. For the sake of repletion, the jerk cost function 
is to be analyzed for three different position functions, the anterior-posterior, mediolateral, and 
vertical directions.  
 For the two groups, it was found that JC increases as the target distance increases with the 
same rate for both groups. A significant divergence in the rate of change of the cost function for 
the two groups only surfaced for the position function in the mediolateral direction, making it the 
only quantifiable index for the experience level of a golfer. In addition, tracking of the rotational 
motion of the golfers during the putt, it was found that the motion of the experienced golfers 
converged to a point, whereas the novice golfers had no exact point of convergence. This 
discrepancy in the putting motion of the two groups was only exacerbated as the target distance 
increased. 
 From their research, Choi et al [4] concluded that the increased smoothness and similarity 
in putting motion of the more experienced golfers helps their putts be much more predictable; 
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moreover, the behavior of their putts resemble the motion of a pendulum, which, coupled with 
their consistency and smooth position function, facilitates the creation of a model that replicates 
the putter head position and velocity with a higher degree of reliability for the more experienced 
golfers.  
 Continuing the work on modeling the putting motion, Penner [6] tackles the problem from 
an entirely theoretical standpoint. Splitting the putting action into many parts, he performs a 
rigorous analysis of the theoretical foundation behind the sport. Starting from the fundamental 
laws of motion, and considering all of the influential environmental parameters in a putting green, 
Penner [6] develops a two dimensional model of the putting trajectory, as a function of the slope 
of the green, friction due to the grass cut, and the rotation of the ball. The equations developed, 
however, only consider the trajectory of the ball after being impacted by the putter. 
 Another focus of research concerned the stimpmeter and the measurements obtained by it. 
The stimpmeter is a device, standardized by the USGA, which measures the speed of putting 
greens. It has a notch in which the ball rests, and is released at an angle of 20o [8, 10]. The ball is 
released in one direction several times, then the direction is reversed and the measurements are 
taken a second time [7]. Once measurements are taken in both directions, the average is determined 
to be the green speed. This approach works well for flat surfaces, but research performed by Brede 
[9] demonstrated that the arithmetic average introduced error in measurements taken over a sloped 
surface (see Figure 2.2). 
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 Figure 2.2 - Green Speed Measurements Obtained by Averaging vs. Brede Formula [9] 
In order to reduce the averaging error, Brede analyzed the speed of the green up and downhill 
using Newtonian physics, arriving to the formula 
 2S SS
S S
↑ ↓
=
↑ + ↓
  (2.3) 
where S ↑  is the uphill green speed, and S ↓  is the downhill green speed. Equation 2.3 reduces 
the error introduced by averaging green speeds in a green with elevation changes [9].  
 All of these perspectives on the putting behavior provide an important insight on the overall 
understanding of the sport. Ranging from purely experimental, empirical evidence, moving on to 
theoretical developments on the captured data, and finally to an entirely theoretical approach, these 
theories all have their validity, and their contributions to the understanding of the sport 
complement each other. The empirical models give us some good insight into what it is that 
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actually happens in a putt, and consider the influence of many aspects in the environment that can 
affect the outcome of each putt. The theoretical approach provides the perspective of a perfect putt. 
Using physics, some reasonable assumptions can lead to results that can imitate the behavior of a 
putt to an acceptable level of accuracy, which can lead to a model that can be readily used in 
practice by golfers of all knowledge levels.  
 A very powerful model can be developed by merging these two approaches. The theoretical 
model that predicts the putt to a marginally acceptable level of accuracy can be supplemented and 
fine-tuned by testing and considering the empirical models. Through experimentation, the 
parameters that more strongly influence the putting result (𝐷𝐷𝑃𝑃) can be found, and can be given 
more scrutiny in the theoretical derivation in comparison to the rest of the parameters. Once a 
hybrid model is developed and corroborated through empirical means, its level of accuracy will be 
far superior to a standalone empirical or theoretical model.  
 The goal of the present study is to create hybrid model that is relevant and reliable to golfers 
in practice. The model will to describe the expected putting response from the most fundamental 
laws of physics, such as conservation of mass and momentum, and the laws of motion. These basic 
models will be strengthened by the empirical models obtained from research and experimentation. 
Finally, a hybrid theoretical and empirical model that predicts the two-dimensional displacement 
of the ball after impact based on the behavior of the putt as it is swung will be generated. This 
model will be applied in a straightforward manner for universal ease of use, while having the 
accuracy to be considered trustworthy and worthwhile for players and coaches in the sport. 
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Specifically, ratios of 𝐷𝐷𝑃𝑃 to 𝐷𝐷𝐵𝐵will be developed for various putting conditions, to be used as rules 
of thumb in coaching.   
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CHAPTER 3: ANALYTICAL MODELING 
 Principles of classical mechanics were utilized in developing a model for the putting 
behavior. The putting motion was divided into three parts for analysis: (1) putter swing, (2) putter-
ball collision, and (3) post-impact ball displacement. Two physics principles were employed to 
effectively describe the putting behavior: the principle of conservation of energy and the theory of 
impulse-momentum. The principle of conservation of energy was utilized to describe the pre-
impact velocity of the putter as it is swung by the putter, as well as the post-impact displacement 
of the ball. Impulse-momentum theory was employed to describe the putter ball collision, in order 
to quantify the amount of energy imparted on the ball after impact from the putter. 
 In order to simplify the model for analysis, some assumptions were necessary (see Figure 
3.1). The ball was analyzed as a rigid body, where energy is used for translational and rotational 
displacement. The dimples on the ball were considered to add a negligible effect to rotation and 
friction between the ball and the surface. The ball was also assumed to have negligible spin and 
bouncing after impact from the putter, or while being released from the stimpmeter. The cut of the 
grass of the green was assumed to be uniform, translating into a constant green speed and 
coefficient of friction throughout the surface. In analyzing the stroking motion, the putter was 
modeled as a pendulum, with a constant force input by the golfer, taken as the average force input 
through the stroke. The impact between the ball and the putter occurred at the point of the 
maximum velocity in the pendulum, which is more akin to the stroking motion of the novice 
golfers [2]. 
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 Figure 3.1 - Graphical Representation of the Assumptions in Putt Analysis 
  In the analysis of the pre-impact putter swing, the final velocity of the putter (𝑉𝑉𝑃𝑃𝑃𝑃) is solely 
dependent on two factors, the initial height that the putter is brought and the work done by the 
golfer as the putter is swung. In order to simplify the analysis, a constant force input from the 
golfer was assumed. The constant force was considered the average of the force distribution 
throughout the swing. The equation derived for the final velocity of the putter was obtained from 
the law of conservation of energy: 
𝐸𝐸0 = 𝐸𝐸𝑃𝑃            (3.1) 
in the case of pre-impact putter swing, the initial energy, 𝐸𝐸0, is simply the potential energy of the 
putter being held at a certain height (𝐷𝐷𝐸𝐸𝑃𝑃). The final energy, 𝐸𝐸𝑃𝑃, consists of the kinetic energy of 
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the putter, in addition to the work done by the golfer accelerating the putter (𝐾𝐾𝐸𝐸𝑃𝑃 and 𝑊𝑊𝑃𝑃). Hence 
the equation can be rewritten as: 
 
0
21
2p p p
m gh FR m vβ+ =   (3.2) 
where 𝑚𝑚𝑝𝑝 is the mass of the putter, g is the acceleration due to gravity, h is the height at which the 
putter is brought, R is the combined length of the putter and golfer arm, 𝛽𝛽 is half of the angle 
between the putter and the ball (see Figure 3.2), and 
0p
v  is the velocity of the putter at the end of 
the stroke. Manipulating this equation to describe the pre-impact velocity of the putter, 𝑣𝑣𝑝𝑝0, as a 
function of all the other parameters, the resulting equation is 
𝑣𝑣𝑝𝑝0 = �2(𝐹𝐹𝐹𝐹𝐹𝐹+𝑚𝑚𝑝𝑝𝑔𝑔ℎ)𝑚𝑚𝑝𝑝      (3.3) 
where all of the parameters are as described in Eq. 3.2. 
 
15 
 Figure 3.2 - Geometric Setup for the Analysis of Pre-impact Putter Swing 
In order to simplify the model for golfers to readily employ in practice, some of the 
variables in Eq. 3.3 required modification. The initial height of the putter was reestablished as a 
function of 𝐷𝐷𝐵𝐵, and a relationship among half the angle between the putter and the vertical, β, and 
parameters that are more easily measured in the field was developed. An extensive analysis, based 
on Figure 3.2, of the geometry of the system yields the set of equations: 
 
2 2
1
2
BD x
x R
   = +   
  
  (3.4) 
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 ( )cos
2
BD
x
β =   (3.5) 
Where 2x is the straight line distance from the ball to the putter head. Equations 3.4 and 3.5 can 
then be directly substituted into Equation 3.3 to provide a more practical prediction model for pre-
impact putter velocity: 
( )
0
2 tan sinp
p
p
FR m gR
v
m
β β β+
=
      (3.6) 
Based on these results, for a set of putts performed on a green, the only variables that 
control putter velocity are the average force imparted from the golfer, F, and the half angle between 
the putter and the vertical, 𝛽𝛽. The prediction model for pre-impact putter velocity demonstrates 
that a golfer can directly control the final speed of the putter by adjusting one or both of these 
parameters.  
 On the analysis of collision between the ball and the putter, the impulse-momentum theory 
of Physics was employed, as given by the equation 
 ( ) ( )0 0 f fi im v m v∑ = ∑   (3.7) 
where 𝑚𝑚0 and 𝑚𝑚𝑃𝑃 are the initial and final masses, and 𝑣𝑣0 and 𝑣𝑣𝑃𝑃 are the initial and final velocities, 
respectively. The product of the mass and velocity is called momentum. The momentum of every 
single body that is to be considered in a system is added on each side. In the case of this model, 
only the momentum of the ball and the putter needed to be included in the system. The pre-impact 
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velocity of the putter is obtained from the results of the putter swing analysis, Equation 3.6. The 
contact between the ball and the putter is assumed in a manner that negligible spin is introduced 
from the impact. During the impact, the impulse imparted by the golfer is also considered to be 
negligible. Taking into consideration these assumptions yields Equation 3.8 for the post-impact 
ball velocity:  
 0
(1 )
f
p p
b
p b
e m v
v
m m
+
=
+
  (3.8) 
where 𝑣𝑣𝑏𝑏𝑓𝑓 is the final ball velocity, 𝑚𝑚𝑝𝑝 and 𝑚𝑚𝑏𝑏 are the putter and ball masses, respectively, e is 
the coefficient of restitution for the impact, and 𝑣𝑣𝑝𝑝0 is the initial putter velocity. Since the pre-
impact putter velocity can be obtained by the model derived previously (Equation 3.6), it can be 
combined with the results for the post-impact ball velocity to obtain the following relationship: 
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This relationship can be used to predict the initial velocity of the golf ball after being impacted by 
the putter by considering the geometry of the putter swing, as well as the work done by the golfer 
accelerating the putter.  
 Lastly, the rolling of the ball after impact was modeled by reconsidering the conservation 
of energy principle of physics. The initial kinetic energy of the ball, which is imparted from the 
putter at impact, is dissipated by the friction between the ball and the turf as the ball rolls; however, 
in order to proceed with the analysis, it was necessary to establish a definition for the friction 
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between the ball and the turf that can be easily measured in a golf course, and that can be applicable 
to the majority of cases. The effectiveness of a green in impeding the rolling of the ball is 
dependent on several factors, such as the cut of grass, moisture on the turf, and irregularities in the 
terrain, and is variable by course. For golfers to have a better idea of what to expect when putting, 
golf courses generally provide a value for the speed of the green, sometimes also called stimp, 
which is a measure of how far a ball rolls after being released from a tool called a stimpmeter [7]. 
The speed of the green, 𝐷𝐷𝑔𝑔, is a value that many golf courses endeavor to provide with a fair degree 
of accuracy, and can thusly be related to the coefficient of friction in order to generate more 
accessible theoretical models.  
 In relating the speed of the green to the coefficient of friction, an energy analysis was 
carried out to describe how the energy is dissipated from rolling down the stimpmeter and on the 
turf. The stimpmeter has a notch where the ball is placed that allows it to be released at an angle, 
𝜃𝜃𝑔𝑔, of 20.5o, on average. Using this knowledge, the energy loss of the ball as it rolls on a flat 
surface was calculated, yielding the following relationship the coefficient of friction of the green: 
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where 𝜇𝜇𝑔𝑔 is the coefficient of friction of the green, 𝑉𝑉𝑔𝑔 is the velocity of the ball as it rolls off of the 
stimpmeter, g is the acceleration due to gravity, and 𝐷𝐷𝑔𝑔 is the green speed. 
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 Figure 3.3 - Typical Friction Coefficient Ranges for Green Speed Measurements 
From the derivation of Eq. 3.10, the coefficient of friction is inversely related to the speed 
of the green. Since the velocity with which the ball leaves the stimpmeter is a constant value of 
around 1.83 m/s [8], the speed of the green and the coefficient of friction can be considered to be 
solely dependent on each other on a flat surface. Figure 3 shows the coefficient of friction between 
the ball and the turf as a function of green speed. As demonstrated by the graph, green speeds can 
vary from 3.5 to 16+ feet, but are generally closer to 6 to 10 feet for most golf courses [10].  
 In the case of an incline in the green, described as an angle 𝜙𝜙, an identical analysis was 
performed, with the exception of the consideration of the loss or gain of energy from the 
gravitational potential energy. Typical gradients on putting greens can go up to ±4%. The resulting 
relationship for coefficient of friction and speed of the green over a sloped green is 
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where 𝜙𝜙 is the angle of inclination of the putting green. This is a generalized relationship for the 
coefficient of friction, 𝜇𝜇, green speed, 𝐷𝐷𝑔𝑔, and slope of the green, 𝜙𝜙. Note that in a slope of zero, 
Equation 3.11 reduces to Equation 3.10.  
Once the relationship between the green speed and the coefficient of friction was 
established, an energy analysis could be performed for the rolling of the ball after impact. The 
analysis would follow the methods performed for calculating the coefficient of friction, but in this 
case, the unknown would be the travel distance of the ball. The equation obtained for the putt 
distance as a function of initial ball velocity and turf slope is 
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where 𝐷𝐷𝑝𝑝 is the putt distance, 𝑉𝑉0 is the post-impact ball velocity, g is the acceleration due to gravity, 
𝐶𝐶𝑔𝑔 is the stimpmeter constant, as described by 
 cos sin 0.820g g g gC L θ θ= =   (3.13) 
where 𝐿𝐿𝑔𝑔 is the length of the stimpmeter, around 91cm, 𝐷𝐷𝑔𝑔 is the green speed, and 𝜙𝜙 is the angle 
of inclination of the green. Combining the equations that describe the swing (3.6), impact (3.8) 
and ball rolling (3.12) yield the equation 
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where 𝐶𝐶𝑐𝑐 is the impact correction factor, utilized to reduce error in practice, 𝑎𝑎𝑝𝑝 is the average 
acceleration of the putter, related to the average force imparted on the putter by Newton’s Second 
Law of Motion. Equation 3.14 shows that the putt distance is linearly related to backstroke. All of 
the other factors in this equation vary by putt or putting green, but the only variable that can be 
directly controlled by the golfer on a per putt basis is the backstroke. This implies that if a golfer 
desires a certain distance putt, the main factor to consider is the backstroke of the swing. Likewise, 
when predicting a putt distance, backstroke can be considered the most influential parameter. 
 Plugging in some common values, some trends can be found for the relationship between 
backstroke, putt distance and putter velocity, under different scenarios of green speed and 
elevation. Tables were developed for 𝑉𝑉0 and 𝐷𝐷𝐵𝐵 as a function of 𝐷𝐷𝑃𝑃, based on Eqs. 3.12 and 3.14 
over different green speeds and elevations. 
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Table 3.1 - Table of Values for 𝑽𝑽𝑽𝑽 as a Function of 𝑫𝑫𝑫𝑫 
 
 
1m 3m 5m 8m 10m 15m
0 degrees 2.17 3.76 4.85 6.14 6.86 8.41
10 degrees 2.66 4.61 5.95 7.52 8.41 10.30
20 degrees 3.04 5.26 6.79 8.59 9.60 11.76
30 degrees 3.33 5.77 7.45 9.42 10.53 12.90
45 degrees 3.64 6.30 8.14 10.29 11.51 14.09
1m 3m 5m 8m 10m 15m
0 degrees 1.94 3.36 4.34 5.49 6.14 7.52
10 degrees 2.48 4.29 5.54 7.01 7.84 9.60
20 degrees 2.89 5.00 6.46 8.17 9.13 11.18
30 degrees 3.20 5.55 7.17 9.06 10.13 12.41
45 degrees 3.55 6.14 7.93 10.03 11.21 13.73
1m 3m 5m 8m 10m 15m
0 degrees 2.51 4.34 5.60 7.09 7.92 9.71
10 degrees 2.94 5.08 6.56 8.30 9.28 11.37
20 degrees 3.27 5.66 7.31 9.25 10.34 12.67
30 degrees 3.53 6.11 7.89 9.98 11.16 13.66
45 degrees 3.79 6.56 8.47 10.71 11.98 14.67
V0 (m/s)  with Green Speed of 2.44m (8ft)
V0 (m/s)  with Green Speed of 2.44m (6ft)
V0 (m/s)  with Green Speed of 2.44m (10ft)
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Table 3.2 - Table of Values for 𝑫𝑫𝑫𝑫 as a Function of 𝑫𝑫𝑫𝑫 
 
The ratio of 𝐷𝐷𝐵𝐵 to 𝐷𝐷𝑃𝑃, which can be obtained from Eq. 3.14 and Table 3.5, clearly varies as the 
environmental parameters change, but a good rule of thumb that can be applied with acceptable 
accuracy, is that for every foot of backstroke, the putt distance will travel one foot less than the 
green speed on a flat surface. For example, at a green speed of 10ft, 𝐷𝐷𝐵𝐵
𝐷𝐷𝑃𝑃
 was found to be 8.96, an 
8ft green speed yielded a ratio of 7.17, and 6 feet yielded a ratio of 5.38. Results from Eq. 3.14 can 
be found for all sorts of different scenarios, and rules of thumb can be developed for them in the 
same manner.  
1m 3m 5m 8m 10m 15m
0 degrees 0.11 0.33 0.56 0.89 1.12 1.67
10 degrees 0.18 0.55 0.91 1.46 1.82 2.73
20 degrees 0.25 0.74 1.23 1.97 2.47 3.70
30 degrees 0.30 0.91 1.52 2.43 3.04 4.56
45 degrees 0.37 1.12 1.86 2.98 3.72 5.59
1m 3m 5m 8m 10m 15m
0 degrees 0.14 0.42 0.70 1.12 1.39 2.09
10 degrees 0.21 0.63 1.05 1.68 2.09 3.14
20 degrees 0.27 0.82 1.37 2.18 2.73 4.10
30 degrees 0.33 0.98 1.64 2.63 3.28 4.92
45 degrees 0.39 1.18 1.96 3.14 3.92 5.88
1m 3m 5m 8m 10m 15m
0 degrees 0.19 0.56 0.93 1.49 1.86 2.79
10 degrees 0.26 0.77 1.28 2.04 2.55 3.83
20 degrees 0.32 0.95 1.58 2.53 3.17 4.75
30 degrees 0.37 1.11 1.84 2.95 3.69 5.53
45 degrees 0.42 1.27 2.12 3.40 4.25 6.37
Db (m)  with Green Speed of 2.44m (8ft)
Db (m)  with Green Speed of 2.44m (6ft)
Db (m)  with Green Speed of 2.44m (10ft)
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CHAPTER 4: EXPERIMENTAL APPROACH 
 Testing was performed to validate the theoretical models and provide a different 
perspective on the putting behavior. First, ball travel distance was measured for putts and green 
speed measurements. Measured 𝐷𝐷𝑃𝑃 was compared to a predicted 𝐷𝐷𝑃𝑃 based on the velocity of the 
ball, 𝑉𝑉0 and the calculated theoretical coefficient of friction. Subsequently, 𝐷𝐷𝑃𝑃 was predicted based 
on 𝐷𝐷𝐵𝐵 by using Eq. 3.14. The experiments were performed on three turfs with different 𝐷𝐷𝑔𝑔: a 
course green (average speed), fairway (slow), and artificial turf (fast).  
 Testing on the artificial turf was performed using a SeeMore putter, Titleist ProV-1x golf 
balls, and an official USGA stimpmeter. The stroke was recorded by camera and data gathering 
was supplemented by the use of SAM PuttLab equipment. Error was calculated on each trial and 
a best fit was found for backstroke vs. putt distance. 
 Initial testing consisted on validating the derivation for the coefficient of friction as a 
function of the green speed. First, the green speed was measured with a stimpmeter. The improved 
green speed formula introduced by Brede [9] was utilized to reduce averaging error on the sloped 
surface. The average green speeds were 10.4, 3.85, and 11.6ft, with a slope of 1, 0, and 0o for the 
green, fairway, and artificial turf, respectively, as measured with a protractor. Using the green 
speed, a coefficient of friction was calculated for each environment, and then utilized to predict a 
travel distance of the ball being released from the stimpmeter. Tables containing the data for testing 
the coefficient of friction relationship can be found in the Appendix (Tables 1, 2, and 3). The 
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average calculation error was 9% for the artificial turf, 22% for the fairway, and 32% for the green 
at 1% slope. 
 Once the data for the coefficient of friction was obtained, a second set of experiments was 
performed. Testing took place in the artificial turf location, and utilized the SAM PuttLab 
equipment to aid in recording the putts. In this trial the backstroke was recorded along with the 
putt distance in order to establish the empirical relationship between the two. A linear regression 
analysis was performed on the scatterplot of the data, which yielded Figure 4.1 and its empirical 
relationship: 
 
Figure 4.1 - Data for Putt Distance as a Function of Backstroke 
As shown in the graph, the coefficient of determination is 0.866, suggesting a strong linear 
correlation and providing good preliminary support for the theoretical model of putt distance vs. 
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backstroke. The linear fit of 𝐷𝐷𝑃𝑃 vs. 𝐷𝐷𝐵𝐵 suggests a 
𝐷𝐷𝑃𝑃
𝐷𝐷𝐵𝐵
 ratio of 9, which, for a green speed of 11.6 
and a flat surface, underestimates the rule of thumb developed from Eq. 3.14 by 15%. Higher green 
speeds correlate to a more rapidly increasing 𝐷𝐷𝑃𝑃
𝐷𝐷𝐵𝐵
 ratio, and the empirical data demonstrate that the 
rule of thumb rapidly loses validity as 𝐷𝐷𝑔𝑔 goes much over 10ft. 
 To supplement the testing, the SAM PuttLab database was accessed, and the putting 
profiles of the golfers in the Mike Bender Golf academy were obtained and analyzed. The 
acceleration and velocity profiles of the putting of golfers of all levels were compared. It was 
discovered that the acceleration profiles of most experienced golfers were superimposable. Figure 
4.2 demonstrates a common acceleration and velocity profiles of five putts performed by an 
experienced golfer.  
 
Figure 4.2 - Profile of Five Putts from an Experienced Golfer 
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 It is shown in the graphs that the acceleration of the putt remains constant through the 
backstroke up until hitting the ball (around 350ms). Moreover, the putter acceleration over medium 
range putts is found to be around the same value of 16ft/s2 for most of the experienced golfers with 
similar putting profiles. This fact helps validate the assumption of a constant force input from the 
golfer during the theoretical derivation of the putter velocity from the swing.  
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CHAPTER 5: NUMERICAL APPROACH 
In light of the empirical results supporting corroborating the linear relationship between 
𝐷𝐷𝐵𝐵 and 𝐷𝐷𝑃𝑃, the next step is to unify the two theories, and expand on the developments that were 
initiated with the formulas. If the putt distance of the ball can be determined based on the 
backstroke of the putt in one dimension, the results can be expanded to two dimensions by applying 
the same rules. Furthermore, since the ball displacement calculations are dependent on Newton’s 
Laws of Motion, results can be obtained with fair accuracy for any green with a uniform green 
speed and inclination.  
These characteristics of the green, termed green texture, are not necessarily constant, 
however. In practice, it is more common to see a green with variable texture, with fluctuating 
elevations and varying green speeds. Since the laws of mechanics can approximate the behavior 
of the ball quite well for a constant acceleration, the more complex problem of varying texture can 
be simplified by dividing the process into many smaller, constant texture elements. The 
displacement and velocity for these elements can be calculated based on the laws of mechanics, 
and interlaced to describe the encompassing behavior of the ball. Taking this approach of finite 
elements allows the problem to be simplified to be within the realm of analyzability by the theory 
developed thus far, while maintaining a high degree of accuracy. The analysis of the post-impact 
behavior of the ball can be easily implemented by use of an algorithm that follows the laws of 
mechanics for every element.  
The necessary input for the algorithm would be the surface texture, initial position, and the 
backstroke and direction of the putt. For the texture of the green, the topography can be 
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predetermined and stored in a database, or could be crudely scanned beforehand. The speed of the 
green can be obtained by use of the stimpmeter, but more than likely is provided by the facilities. 
The direction and backstroke of the green are the more variable of the input parameters of the 
algorithm, and as such, can be varied to provide useful, real time feedback to the golfer. From the 
direction and backstroke of the putt, the initial velocity of the ball can be determined. The 
acceleration of the ball will then be obtained from the texture of the green; the green speed will 
provide the friction force, and the slope of the green will provide the acceleration due to gravity. 
The green will be divided into many small elements, ranging from 100 to 4000 or more, as 
necessary (see Figure 5.1). From these parameters, the ball travel within each element can be 
calculated and plotted by utilizing Newton’s Laws of Motion. 
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The ending position and velocity of the ball, as calculated by the set of equations in 5.1, will be 
the initial conditions of the next element, and the process will be repeated until the ball stops, or 
rolls out of bounds. 
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 Figure 5.1 - Illustration of the Element Overlay on a Putting Green 
 
Figure 5.2 - Flow Chart of the Putt Prediction Algorithm 
After iterating over the necessary number of elements, whether the ball completely stops 
or travels out of bounds, the algorithm stops, and the plotted positions will display the total 
displacement of the ball (see Figure 5.2). An x-y plot will provide a top down view of the ball 
travel on the green, enabling the golfer to see the predicted path of the ball, and make corrections 
as necessary. The program will perform a two dimensional analysis of the path of the ball, based 
on 𝐷𝐷𝐵𝐵, by using Eq. 3.14 followed by iterating equations 5.1 over each element.   
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CHAPTER 6: ALGORITHM RESULTS 
The algorithm was tested for many different scenarios. Green size, ball speed (𝑉𝑉0) and 
initial location (𝑥𝑥0,𝑦𝑦0), green speed (𝐷𝐷𝑔𝑔), and elevation (𝜙𝜙) were the variables that were modified 
to simulate several different scenarios. For each of the possible cases that can be constructed by 
combining different values of these variables, the number of elements was also varied. As can be 
inferred from the number of variables and the possible combination, there are vast amounts of 
scenarios that need to be considered in order to design a robust algorithm.  
For the sake of testing, green size varied from 10m to 100m, ball speed in both directions 
varied from 0m/s to 100m/s, with directional angles (x-position/y-position) varying from 0o to 90o, 
initial location varied from 0% to 100% of the green length in both dimensions, green speed varied 
from 1ft to 16ft (measured in feet for ease of use in practice, but converted to meters in the 
algorithm), and the elevation varying from 0% to 100% grade incline (0o to 45o slope). As 
evidenced by the values attained by the variables, the test cases can become extreme for some 
combinations, and were only considered for testing the extent to which the stability of the 
algorithm can be taken. Despite the esoteric scenarios, the developed program was able to execute 
the algorithm and display results that were meaningful and reasonable for the given data. For 
several of the more reasonable scenarios, the results of each step were gathered and compared to 
calculations performed by hand. For up to 400 elements (a 20x20 element matrix for a green), only 
uncertainty present in the calculations was due to rounding errors in floating point operations.  
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The testing phase of the program began by maintaining a constant, average green speed of 
8ft which is described by Weber as a medium, and thus reasonable, speed for a green [10]. The 
elevation for the first few trials was maintained at zero, in order to isolate the effects of friction on 
the acceleration. The green length was established to be 10m, and a 10x10 element matrix was 
utilized for a total of 100 elements with dimensions of 1m by 1m. The dimensions of the elements 
and the green were selected as such in order to be easily computable by hand, since the first few 
results were to be compared to manual calculations for consistency. The first test cases were 
executed with an initial velocity of magnitudes varying from 1 to 15m/s and directions from 15 to 
75o in 15o intervals. 
  
Figure 6.1 - Initial Velocity Test Cases 
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The results from initial velocity testing are as expected. From an initial position of 0m on 
both dimensions, and with enough speed imparted on the ball to ensure no stopping, the ball will 
travel a straight path at the angle in which it was released. The final position of the ball, as 
calculated by MATLAB, was compared to calculations performed by hand, in order to gauge the 
uncertainty introduced by rounding errors over several iterations. Table 6.1 illustrates the results 
of the error analysis on the algorithm. 
Table 6.1 - Error Analysis for Algorithm vs. Hand Calculations 
 
The error was found to be a maximum of 15.5% in the case of 30 and 60o from the 
horizontal. This error is introduced by rounding every time the ball reaches a new quadrant, and is 
more pronounced at those angles. While approaching 0 or 90o, the error reduces to zero.  
After obtaining acceptable results for the initial case, the velocity magnitude and 
direction were modified to test for consistency among different combinations. With green speed, 
size, and elevation remaining unchanged, the initial velocity was adjusted for values ranging 
from 0.5m/s to 20m/s of magnitude, and directed between 0o and 90o from the x-axis. The varied 
combination of magnitudes and directions were selected to cover the span of nonzero velocity 
Algorithm Theoretical Error Algorithm Theoretical Error
0 degrees 20 20 0 10 10 0
15 degrees 20 20 0 5.3578 5.1764 0.035044
30 degrees 20 20 0 11.5443 10 0.15443
45 degrees 20 20 0 19.9941 20 0.000295
60 degrees 11.5524 10 0.15524 20 20 0
75 degrees 5.3642 5.1764 0.03628 20 20 0
90 degrees 10.003 10 0.0003 20 20 0
X-Position Y-Position
Test
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cases with zero elevation. All of these cases were calculated with a 10x10 or 20x20 element 
matrix, as previously described. Figure 6.2 illustrates how the change in initial direction relates 
to the ball displacement.
 
Figure 6.2 - Initial Velocity Testing over Varied Angles and Magnitudes 
The presence of uncertainty in the algorithm calculations, and its invariance with respect 
to the initial velocity of the ball suggest an interesting concept. It would be of benefit to find the 
uncertainty of the calculations in relation to the number of iterations in the algorithm. With an 
understanding of said relationship, an upper bound for the number of elements can be established 
for a desired level of accuracy. With the goal of determining the maximum number of iterations 
 
35 
before the algorithm incurs a significant amount of uncertainty, a basic test case was developed, 
in which the number of elements in the matrix mapping the green were varied, while the other 
parameters remained constant. For a velocity of magnitude of 1m/s, no elevation, and a green speed 
of 8ft, spanning over a 10m square green, the matrix size was modified from 100x100 to 
2000x2000. Figure 6.3 demonstrates the effects of increasing number iterations on calculation 
error. 
 
Figure 6.3 - Effects of Element Matrix Size on Predicted Ball Path 
 The results of these test cases show how the uncertainty compounds with increasing 
iteration size, to the point of the program not being able to continue the calculations with 
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reasonable efficiency. As the number of elements increase, the number of iterations increase much 
more, while demonstrating no significant advantage to accuracy. In order to perform the 
calculations efficiently, the optimum number of elements is 20x20. Anywhere between 10x10 and 
50x50 produce the desired results without an excessive amount of calculations 
 The next few test cases involved testing a velocity in one direction only, as well as 
introducing a constant increase in elevation. In the case of zero elevation change, a purely one 
dimensional velocity yielded expected results, with no significant uncertainty in the calculations. 
Introducing a constant elevation change for the given test cases supported the theoretical 
calculations as well, with Figure 6.4 demonstrating the effects of a slight inclination accelerating 
a ball with initial velocity in one dimension only.  
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 Figure 6.4 - One Dimensional Velocity Profile with Constant Slope 
 As expected, the ball moves slightly downward as the elevation increases with increasing 
position. With the constant elevation not introducing any demonstrable issues with the output in 
the algorithm, the complexity of the test cases was increased. A constantly increasing elevation 
was introduced into the cases, and Figure 6.5 demonstrates the effects on the ball displacement. 
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  The elevation in these figures is illustrated by the background color of the graph, with blue 
being the lowest elevation (0m), and red representing the highest elevation (20m). As can be 
evidenced from the figure, the ball displacement displayed by the algorithm agrees with the 
established theory. In the case of vertical velocity only, the ball traveling in a horizontally 
increasing elevation will have its direction change over every iteration. Furthermore, if the ball 
travels in the direction of the elevation increase, the ball velocity will only change in magnitude, 
and not direction. Finally, a two dimensional velocity with a gradient changing in one dimension 
only was tested for the algorithm, and the calculations were performed as expected, combining the 
horizontal change in displacement with the two dimensional translation. 
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After a comprehensive testing battery, the program showed robustness to a varied 
combination of scenarios, ranging from the expected combinations found in practice, to more 
exotic cases that are less probable, all the way to extreme scenarios that push the boundaries of the 
algorithm. Furthermore, the algorithm executed the calculations with minimal uncertainty, ranging 
from 0% to a maximum of 15.5% under unlikely scenarios. In practice, the algorithm can be 
expected to work under the vast majority of scenarios with an average error under 15%, as 
evidenced by test cases that emulate the most probable scenarios. 
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CHAPTER 7: RULES OF THUMB FOR GOLFERS AND COACHES 
Now that a theoretical model for putting has been developed and enhanced into a putt 
distance prediction model, much can be done with the results obtained from each model in 
conjunction with the experimental results. Starting off with the backstroke model, Equation 3.14 
can be modified to provide the ratio of 𝐷𝐷𝑃𝑃
𝐷𝐷𝐵𝐵
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   (7.1) 
The two influencing factors in this ratio are now 𝐷𝐷𝑔𝑔 and 𝜙𝜙, the texture of the green. As these two 
parameters are varied, a relationship can be found between the parameters, and the 𝐷𝐷𝑃𝑃
𝐷𝐷𝐵𝐵
 ratio. Table 
7.1 illustrates the values that were obtained for a variation of angles and green speeds. 
Table 7.1 - 
𝑫𝑫𝑫𝑫
𝑫𝑫𝑫𝑫
 Ratio Over Different 𝜙𝜙 and𝑫𝑫𝑫𝑫 Values 
 
5 6 7 8 9 10 11 12 13 14 15
0 4.5 5.4 6.3 7.2 8.1 9.0 9.9 10.7 11.6 12.5 13.4
5 3.9 4.5 5.1 5.7 6.3 6.8 7.3 7.8 8.2 8.6 9.1
10 3.4 3.9 4.4 4.8 5.1 5.5 5.8 6.1 6.4 6.6 6.9
15 3.1 3.5 3.8 4.1 4.4 4.6 4.9 5.1 5.3 5.4 5.6
20 2.8 3.2 3.4 3.7 3.9 4.1 4.2 4.4 4.5 4.6 4.7
25 2.6 2.9 3.1 3.3 3.5 3.6 3.7 3.9 3.9 4.0 4.1
30 2.5 2.7 2.9 3.0 3.2 3.3 3.4 3.5 3.5 3.6 3.7
35 2.4 2.6 2.7 2.8 2.9 3.0 3.1 3.2 3.2 3.3 3.3
40 2.3 2.4 2.6 2.7 2.8 2.8 2.9 3.0 3.0 3.0 3.1
45 2.2 2.4 2.5 2.5 2.6 2.7 2.7 2.8 2.8 2.9 2.9
An
gle
 (d
eg
re
es
)
DP/Db
Dg (ft)
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The 𝐷𝐷𝑃𝑃
𝐷𝐷𝐵𝐵
 ratio clearly increases with increasing 𝐷𝐷𝑔𝑔, and decreases with increasing 𝜙𝜙. The data for 
Table 7.1 were plotted to provide a more visual representation of the trends. 
 
Figure 7.1 - Trends in 
𝑫𝑫𝑫𝑫
𝑫𝑫𝑫𝑫
 Ratio 
The data graphs illustrate the increasing ratio with increasing 𝐷𝐷𝑔𝑔, but also demonstrate a slower 
rate of change for higher 𝜙𝜙. As a rule of thumb, however, it can be safely assumed that for an 
average green speed of 10ft and a flat surface, the 𝐷𝐷𝑃𝑃
𝐷𝐷𝐵𝐵
 ratio is 9 to 1. For every foot of backstroke, 
the putt should travel 9 feet. Any increase or decrease in green speed from this point can be 
translated into an equal increase or decrease in 𝐷𝐷𝑃𝑃
𝐷𝐷𝐵𝐵
 ratio. These numbers agree with the experimental 
findings, which for a green speed of 11.6ft on the artificial turf, the experimental 𝐷𝐷𝑃𝑃
𝐷𝐷𝐵𝐵
 ratio was 
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found to be 9.1, close to the calculated value of 9.9. For every angle increase in 𝜙𝜙, the 𝐷𝐷𝑃𝑃
𝐷𝐷𝐵𝐵
 ratio can 
be decreased by 0.5. 
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CHAPTER 8: CONCLUSIONS AND FUTURE WORK 
By utilizing the principles of classical mechanics, a theoretical model that describes the 
behavior of putting and the post-impact displacement of the ball was developed. The resulting 
model identified the post impact putt distance to be directly proportional to the backstroke of the 
putt. Field testing of putting and ball travel yielded results that corroborated the theoretical 
findings. Furthermore, the empirical models demonstrated a linear correlation between backstroke 
length and putt distance, with the constant of proportionality factoring in all of the outside 
parameters (see Equation 3.14). Testing of the developed formula shows promising preliminary 
results for the backstroke equation. The first trial of testing (91 samples), which only considered 
ball rolling and friction yielded an error as low as 9% for high speed greens (speed of ~12 feet), 
and as high as 32% for the lowest speed turfs (~6 feet). When predicting putt distance based on 
backstroke, by implementing the formula for the given data, the error averaged 5% over 15 
samples.  
 With an acceptable prediction consistency, as proven by the experimental developments, 
the backstroke formula was expanded to predict the ball displacement in two dimensions by being 
implemented into a finite element analysis algorithm. This algorithm takes in the initial backstroke 
and direction of a putt, calculates the initial ball velocity through Equation 3.14, and predicts the 
path of the ball through an iterative process. Comprehensive testing of the implemented algorithm 
demonstrate remarkable robustness for varied conditions, while maintaining a reliable degree of 
accuracy. Testing of more than 100 different combinations of values yield very accurate qualitative 
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results. In depth testing of the putt distance predictive algorithm yield results that are within less 
than 10% of theoretical values. 
The high degree of reliability, combined with the preciseness of the putt distance prediction 
model demonstrate remarkable promise for its success in practice. With the only necessary inputs 
being the backstroke and direction of the putt, this model provides dependable feedback to the 
putter with minimal effort and high reliability. The simplicity of the algorithm also allows it to be 
implemented in real time, providing a quick rendering of the ball displacement as the putter is 
moved or the input is changed by manually. For a golfer, being able to accurately visualize the 
path of the ball for a given putt without having to move the putter can prove to be a remarkable 
aid, and the findings developed in analyzing the post-impact ball displacement bring this goal one 
step closer to being feasible.  
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Table A.1 - Data Gathered for Friction vs. Green Speed Comparison on Artificial Turf 
  
Distance Dp (in) Time (s)
Initial Velocity 
V0 (ft/s)
Coefficient of 
Friction μ
Calculated 
Distance Dp (in) Error
68.8 0.15 4.17 0.066 60.4 0.122
66.7 0.15 4.17 0.068 60.4 0.094
64.4 0.15 4.17 0.070 60.4 0.062
68.6 0.133 4.70 0.084 76.9 0.121
68.6 0.134 4.66 0.083 75.7 0.104
65.4 0.15 4.17 0.069 60.4 0.076
73.1 0.134 4.66 0.078 75.7 0.036
62.9 0.15 4.17 0.072 60.4 0.039
63.7 0.133 4.70 0.090 76.9 0.207
63.7 0.15 4.17 0.071 60.4 0.051
68.4 0.134 4.66 0.083 75.7 0.107
75.8 0.133 4.70 0.076 76.9 0.014
59 0.15 4.17 0.077 60.4 0.024
65.4 0.15 4.17 0.069 60.4 0.076
74.4 0.133 4.70 0.077 76.9 0.033
69.3 0.15 4.17 0.065 60.4 0.128
74.6 0.134 4.66 0.076 75.7 0.015
82 0.133 4.70 0.070 76.9 0.062
81.2 0.134 4.66 0.070 75.7 0.067
72 0.133 4.70 0.080 76.9 0.068
74.1 0.15 4.17 0.061 60.4 0.184
82.1 0.133 4.70 0.070 76.9 0.064
75.5 0.15 4.17 0.060 60.4 0.199
85 0.133 4.70 0.068 76.9 0.096
91 0.117 5.34 0.082 99.3 0.092
85.4 0.133 4.70 0.067 76.9 0.100
84.5 0.134 4.66 0.067 75.7 0.104
79.4 0.15 4.17 0.057 60.4 0.239
76.8 0.133 4.70 0.075 76.9 0.001
83.2 0.134 4.66 0.068 75.7 0.090
4.50 0.072 70.5 0.089
Artificial Turf
Average
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 Table A.2 - Data Gathered for Friction vs. Green Speed Comparison on Fairway 
 
  
Distance Dp (in) Time (s)
Initial Velocity 
V0 (ft/s)
Coefficient of 
Friction μ
Calculated 
Distance Dp (in) Error
28.7 0.183 3.64 0.121 17.1 0.403
29.6 0.183 3.64 0.117 17.1 0.421
34.8 0.15 4.44 0.148 25.5 0.267
31.5 0.183 3.64 0.110 17.1 0.456
35.9 0.15 4.44 0.144 25.5 0.289
30.6 0.183 3.64 0.113 17.1 0.440
33.4 0.15 4.44 0.154 25.5 0.236
35.9 0.15 4.44 0.144 25.5 0.289
39.2 0.133 5.01 0.167 32.5 0.172
35.9 0.15 4.44 0.144 25.5 0.289
37.2 0.134 4.98 0.174 32.0 0.141
33.9 0.167 3.99 0.123 20.6 0.393
38.1 0.167 3.99 0.109 20.6 0.460
36 0.15 4.44 0.143 25.5 0.291
28.6 0.134 4.98 0.226 32.0 0.118
30.4 0.15 4.44 0.170 25.5 0.161
27.9 0.133 5.01 0.235 32.5 0.163
31 0.133 5.01 0.211 32.5 0.047
35.7 0.117 5.70 0.237 41.9 0.175
31.8 0.133 5.01 0.206 32.5 0.021
35 0.117 5.70 0.242 41.9 0.198
32.8 0.133 5.01 0.200 32.5 0.010
35.9 0.116 5.75 0.240 42.7 0.188
36 0.117 5.70 0.235 41.9 0.165
31.8 0.133 5.01 0.206 32.5 0.021
40.2 0.116 5.75 0.214 42.7 0.061
34.9 0.134 4.98 0.185 32.0 0.084
35.5 0.117 5.70 0.239 41.9 0.181
4.75 0.177 29.1 0.219Average
Fairway
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Table A.3 - Data Gathered for Friction vs. Green Speed Comparison on Green 
 
Distance Dp (in) Time (s)
Initial Velocity 
V0 (ft/s)
Coefficient of 
Friction μ
Calculated 
Distance Dp (in) Error
76 0.1 6.25 0.117 88.3 0.162
74.8 0.1 6.25 0.119 88.3 0.181
67.2 0.116 5.39 0.095 65.6 0.023
67.1 0.1 6.25 0.134 88.3 0.316
75.5 0.101 6.19 0.115 86.6 0.147
77.1 0.1 6.25 0.115 88.3 0.145
73.8 0.1 6.25 0.121 88.3 0.197
77.3 0.1 6.25 0.114 88.3 0.142
76.3 0.116 5.39 0.082 65.6 0.140
111.2 0.067 9.33 0.187 196.7 0.769
106.8 0.083 7.53 0.121 128.2 0.200
108.4 0.083 7.53 0.119 128.2 0.183
40.3 0.15 4.17 0.095 39.3 0.026
41.4 0.167 3.74 0.071 31.7 0.235
39.9 0.183 3.42 0.059 37.8 0.052
103.3 0.133 4.70 0.038 71.6 0.307
98.4 0.133 4.70 0.041 71.6 0.273
99.1 0.133 4.70 0.041 71.6 0.278
113.6 0.117 5.34 0.048 92.5 0.186
121.6 0.134 4.66 0.029 70.5 0.420
123.1 0.117 5.34 0.043 92.5 0.249
90 0.15 4.17 0.033 56.3 0.375
110.5 0.134 4.66 0.034 70.5 0.362
105.4 0.15 4.17 0.026 56.3 0.466
105.4 0.177 3.53 0.013 40.4 0.617
111.9 0.133 4.70 0.034 71.6 0.360
107.8 0.177 3.53 0.013 40.4 0.625
56.2 0.233 2.68 0.016 23.3 0.585
64.5 0.217 2.88 0.016 26.9 0.583
69 0.184 3.40 0.026 37.4 0.458
64 0.233 2.68 0.012 23.3 0.636
60.7 0.217 2.88 0.018 26.9 0.557
4.966 0.067 79.9 0.320
Green
Average
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Table A.4 - 𝑫𝑫𝑫𝑫vs. 𝑫𝑫𝑫𝑫 Table of Data 
Backstroke Length (in) Putt Distance Dp (in) Velocity of Putter Vp0 (ft/s) Velocity of Ball V0 (ft/s) β (rad) Theoretical Ball Velocity V0 (ft/s)Theoretical Distance Dp (in)
7.53 64.0 3.28 6.50 0.08 6.37 70.7
7.34 69.3 3.30 6.54 0.08 6.28 68.7
9.27 81.5 3.67 7.27 0.10 7.19 90.1
8.76 79.5 3.46 6.86 0.10 6.96 84.3
7.68 77.5 3.46 6.86 0.08 6.44 72.3
7.25 76.5 3.42 6.77 0.08 6.24 67.7
7.15 68.8 3.19 6.33 0.08 6.19 66.6
7.52 78.0 3.50 6.93 0.08 6.37 70.6
4.93 36.8 2.57 5.09 0.05 5.02 43.9
4.20 35.8 2.42 4.79 0.05 4.60 36.8
4.60 33.8 2.33 4.62 0.05 4.83 40.7
5.23 44.0 2.63 5.22 0.06 5.19 46.9
6.71 52.3 2.90 5.74 0.07 5.97 62.0
6.13 50.8 2.79 5.54 0.07 5.67 55.9
5.84 50.3 2.70 5.35 0.06 5.52 53.0
Artificial Turf
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APPENDIX B: 
ALGORITHM CODE 
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 Code Screenshot 1 
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 Code Screenshot 2 
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 Code Screenshot 3 
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 Code Screenshot 4 
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 Code Screenshot 5 
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